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1 Introduction
The discovery of a new scalar resonance with mass around 125 GeV and properties com-
patible with those of the Standard Model (SM) Higgs boson at the Large Hadron Collider
(LHC) [1, 2] has completed the search for the particles foreseen in the SM. The first run
of the LHC has delivered two important messages: i) no signal of physics beyond the SM
(BSM) was observed. ii) The Higgs boson was found exactly in the mass range 110-160 GeV
predicted by the SM. This indicates that BSM physics, if it exists, is likely to be at a high
scale, and possibly out of the reach of direct LHC searches, in which case BSM physics
could be constrained only indirectly using high precision measurements. To this end, the
precision of the SM predictions should match the experimental one and the theoretical
uncertainties should be reliably estimated.
Among the various precision observables the W boson mass, mW , has always played a
very important role. Historically, the inclusion of the radiative corrections in the prediction
of mW in the SM from the electromagnetic coupling, α, the Fermi constant, Gµ, and the
weak mixing angle, θW , as extracted from deep inelastic neutrino scattering [3], was the
main motivation to develop the On-Shell (OS) renormalization scheme [4]. In the OS
scheme θW is defined in terms of the pole masses of the W and Z bosons, sin
2θW ≡ s2 =
1−m2W/m2Z , and the tree level relation between Gµ and mW is corrected by the radiative
parameter ∆r via
Gµ√
2
=
piα
2m2Ws
2 [1 + ∆r] (1.1)
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that gives rise to an mW −mZ interdependence expressed by
m2W =
m2Z
2
{
1 +
[
1− 4A
2
m2Z
(1 + ∆r)
]1/2}
, (1.2)
where A = (piα/(
√
2Gµ))
1/2 = 37.2804(3) GeV.
Since the pioneering one-loop computation of ∆r reported in ref. [4] many studies
have been devoted to the calculation of higher-order (two or more loops) effects in ∆r.
First, the higher-order contribution related to the iteration of the large one-loop term of
O(α ln(mZ/mf )), where mf is a generic light fermion mass was investigated [5]. Then,
strong and electroweak (EW) corrections to the one-loop δρ contribution, and in particular
the effects proportional to powers of the top mass, were investigated in detail for vanishing
bottom mass. The O(ααs) contribution to δρ was obtained in ref. [6], and later the three-
loop calculation O(αα2s) was also accomplished [7–9]. Concerning the EW corrections, the
leading two-loop contribution O(α2M4t /m4W ) to δρ was first obtained in the large top-mass
limit [10], neglecting all the other masses including the Higgs mass, and then in the so-
called gaugeless limit of the SM, i.e. in the limit g, g′ → 0 where g (g′) is the SU(2) (U(1)Y)
gauge coupling [11–13]. The incorporation of these effects in ∆r was addressed in ref. [14].
Needless to say, these calculations were instrumental in the successful prediction of the
top mass before its actual discovery. The two-loop knowledge of ∆r was later improved
with the evaluation of the next-to-leading effects in the heavy top expansion, namely the
O(α2M2t /m2W ) contributions [15, 16]. The latter turned out to be comparatively large and
allowed for a drastic reduction of the scheme dependence. Leading three and four-loop
effects related to δρ, in particular the O(α3M6t /m6W ), O(α2αsM4t /m4W ) [17, 18] and the
O(αα3sM2t /m2W ) [19, 20] contributions, were also investigated.
The complete calculation of ∆r at the two-loop level was accomplished in several
steps. First, the O(ααs) corrections were obtained from the full QCD corrections to the
gauge bosons self-energies [21–24]. Then the two-loop fermionic contribution, i.e. two-loop
diagrams with at least one closed fermion loop, was derived [25–27], and finally the purely
bosonic contribution was also obtained [28–30], completing the two-loop computation of
∆r. The prediction of mW from eq. (1.2) at the two-loop accuracy, including also known
three-loop effects, was summarized in ref. [31] by a simple formula that parameterizes the
result in term of the relevant input quantities, used by several groups in their fits to the
EW precision observables [32–35]. Ref. [31] also estimated the uncertainty due to unknown
higher-order effects, δmthW ≈ 4 MeV, from the size of the computed three-loop corrections.
The present experimental world average mexpW = 80.385 ± 0.015 GeV agrees well with
the indirect determination of mW via a full fit to EW precision observables (except mW ):
ref. [34] reports mfitW = 80.359 ± 0.011, consistent with the result of ref. [35], mfitW =
80.362± 0.007. The difference between mexpW and mfitW is slightly more than one standard
deviation. In view of possible future improvements in the experimental accuracy at the
LHC, it is therefore worthwhile to reconsider the indirect determination of mW and in
particular its theoretical uncertainty. In this paper we study the mW−mZ interdependence
at the two-loop level following a path different from the one employed so far, i.e. the
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two-loop determination of ∆r in the OS scheme, and we critically re-examine the overall
theoretical uncertainty of the SM prediction of mW .
The MS formulation of the radiative corrections in the SM developed in refs. [36–38]
provides an alternative way to address the mW −mZ interdependence. In this framework
the gauge coupling constants are defined as MS quantities, while all the masses are in-
terpreted as pole quantities.1 All gauge couplings are then reexpressed in terms of the
MS weak mixing angle θˆW (µ) and the MS electromagnetic coupling αˆ(µ), defined at the
’t-Hooft mass scale µ, usually chosen to be equal to mZ . The important feature of these
two MS parameters is that they are constructed to include all reducible contributions, i.e.
the iteration of lowest order terms. In particular, αˆ(mZ) automatically incorporates the
O(αn lnnmZ/mf ) contributions, while sin2θˆW ≡ sˆ2 is free of the O((αM2t /m2W )n) contri-
butions that in the OS scheme are induced by the renormalization of the OS θW angle.
Similarly, the on-shell masses of the vector bosons automatically absorb the non-decoupling
contributions of heavy particles to their self-energies. It follows that in this hybrid scheme
higher order effects are expected to be better under control with respect to the OS or a
pure MS schemes.
In the MS formulation the mW −mZ interdependence is expressed in terms of three
parameters ∆rˆW , ∆αˆ and ρˆ, defined by
Gµ√
2
=
piαˆ(mZ)
2m2W sˆ
2 [1 + ∆rˆW ] , αˆ(mZ) =
α
1−∆αˆ(mZ) ,
ρˆ =
m2W
m2Z cˆ
2 =
c2
cˆ2
(1.3)
where cˆ2 = 1− sˆ2. Eqs. (1.3) allow for an iterative evaluation of sˆ2 from mZ , α,Gµ:
sˆ2 =
1
2
1−
[
1− 4Aˆ
2
m2Z ρˆ
(1 + ∆rˆW )
]1/2 , (1.4)
where Aˆ = (piαˆ(mZ)/(
√
2Gµ))
1/2. The analogue for mW reads
m2W =
ρˆm2Z
2
1 +
[
1− 4Aˆ
2
m2Z ρˆ
(1 + ∆rˆW )
]1/2 . (1.5)
The present knowledge of αˆ(mZ), ∆rˆW , ρˆ can be summarized as follows: a complete
EW two-loop calculation for αˆ(mZ) was presented in ref. [39]. The other two-parameters
are not known at the same level of accuracy: they are only known at the second order in the
heavy top expansion, i.e. up to the two-loop O(α2M2t /m2W ) contributions [15, 16]. In this
paper we upgrade the MS calculation at the full two-loop level presenting the complete
O(ααs) and O(α2) determination of αˆ(mZ), ∆rˆW , ρˆ augmented by the known three-loop
corrections.
A result for the two-loop bosonic contribution to ∆r in the MS scheme was presented in
ref. [30], which differs in several respects from the present work. Indeed, ref. [30] considered
1We generically refer to this approach as MS scheme, although it is actually a hybrid OS-MS scheme.
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only the bosonic contribution to the two-loop corrections to ∆r in the MS scheme with all
couplings and masses identified with minimally subtracted quantities. Instead, we consider
here the complete two-loop corrections to the three radiative parameters, αˆ(mZ), ∆rˆW , ρˆ,
in the hybrid MS framework discussed above, where on-shell masses are employed.
The precise knowledge of mW in the MS framework allows us to estimate the uncer-
tainty of the mW prediction in two different ways: i) from the scale dependence of our MS
result by varying the ’t Hooft mass scale in a large interval between 50 and 500 GeV. ii)
From the scheme dependence by comparing our result in the MS scheme with the known
result in the OS scheme present in the literature.
As a byproduct of our MS calculation, we also obtain the values of the MS gauge
couplings at the weak scale with a two-loop precision. The latter can be used as initial
conditions for studies of the renormalization group evolution.
The paper is organized as follows: in the next section we outline our computation.
Section 3 discusses the two-loop determination of αˆ(mZ), ∆rˆW , ρˆ. Section 4 contains our
results for αˆ(µ), sin2θˆW (µ) and mW . In the last section we discuss the uncertainty on the
theoretical determination of mW and present our conclusions.
2 Outline of the computation
In this section we first extend at the two-loop level the MS framework developed at one-
loop in refs. [36–38]. Then some technical details concerning our computation are outlined.
The parameters that in our computation require a two-loop renormalization are the
two gauge couplings, g, g′, and the masses of the gauge bosons. Actually, as the gauge
sector of the SM is described by only 3 parameters, g, g′ and v, the vacuum expectation
value (vev) of the Higgs field, once the two gauge couplings are defined as MS-subtracted
quantities, one needs to define the mass of only one gauge boson, either the W or the
Z, while the renormalized mass of the other boson is obtained using the bare relation
mZ0 = mW0/ cosθW0 . We first identify our vev as the minimum of the radiatively corrected
scalar potential. The latter implies that all tadpole contributions are cancelled by a tadpole
counterterm and that tadpole diagrams do not enter in our computation. We choose to
define our renormalized W mass, mW , as a pole quantity fixing our third renormalization
condition. Our renormalized Z mass, mˆZ , is a derived quantity identified with mˆZ ≡
mW/cˆ. The use of the experimental quantity m
exp
Z as input in eqs. (1.4), (1.5) requires the
derivation, at the two-loop level, of the relation between mˆZ and m
exp
Z .
According to our choice of pole mass for the W boson, at the one-loop level mW can
be directly identified with mexpW and its the counterterm, δm
2
W , is given by:
δ(1)m2W = ReA
(1)
WW (m
2
W ) (2.1)
where, in general, AXY (q
2) is the term proportional to gµν in the XY self-energy and the
superscript indicates the loop order. Because of our condition on the cancellation of the
tadpoles, no tadpole term is included in eq. (2.1)
At the two-loop level the definition of a pole mass for an unstable gauge boson presents
some subtlety in its relation with the corresponding experimental quantity. Since the
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beginning of the nineties it was noticed [40–42] that, beyond one-loop order, there is a
difference between the mass defined as the pole of the real part of the propagator (labelled
m), or as the real part of the complex pole of the S matrix, M in the following. We recall
here the discussion on the Z mass developed in ref. [40–42] that can also be applied to the
W case. The former definition leads to the Z mass counterterm
δm2Z = ReAZZ(m
2
Z) (2.2)
that, at the two-loop level, depends on the gauge parameter, ξ, if the r.h.s. of eq. (2.2) is
evaluated in a gauge with ξ < (4 cos2 θW )
−1, while it is independent of ξ if the evaluation
is performed with ξ ≥ (4 cos2 θW )−1. Let us now denote by s the position of the complex
pole of the Z propagator. Hence
s = M2Z0 +AZZ(s), (2.3)
where MZ0 is the bare mass. The complex pole definition of the renormalized mass and
width of the Z boson follows immediately,
s = MZ − iMZΓZ , (2.4)
and gives rise to a two-loop mass counterterm given by
δ(2)M2Z = ReA
(2)
ZZ(M
2
Z) + ImA
′
ZZ(M
2
Z)MZΓZ . (2.5)
The Z boson mass defined according to the real part of the complex pole of the S
matrix generates a fixed-width Breit-Wigner behavior of the total cross section while mexpZ
is extracted using a Breit-Wigner parametrization with an energy dependent width. This
introduces a mismatch among the parameters entering the r.h.s. of eq. (2.4) and their
experimental counterparts that is corrected by [40–43]:
MZ = m
exp
Z
[
1 +
(
ΓexpZ
mexpZ
)2]−1/2
, ΓZ = Γ
exp
Z
[
1 +
(
ΓexpZ
mexpZ
)2]−1/2
. (2.6)
On the other hand, mZ defined as the pole of the real part of the propagator can be directly
identified with mexpZ if one works at the two-loop level evaluating eq. (2.2) in a gauge with
ξ ≥ (4 cos2 θW )−1.
We decided to identify our renormalized W mass directly with the quantity extracted
experimentally. According to the above discussion this fixes δ(2)m2W to be
δ(2)m2W = ReA
(2)
WW (m
2
W ) (2.7)
with the understanding that the r.h.s. of eq. (2.7) has to be evaluated in a gauge where
spurious gauge-dependent terms do not arise. The same condition applies to the relation
between mˆZ and mZ , which is identified with m
exp
Z . We fulfill it by evaluating ReA
(2)
WW (m
2
W )
and ReA
(2)
ZZ(m
2
Z) in the ξ = 1 Feynman gauge. We stress that with our choice the mW
prediction of eq. (1.5) can be directly compared with mexpW . The other possible definition
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of the W mass, MW , requires instead the correction factor of eq. (2.6) before it can be
compared with mexpW .
The other mass parameters that enter our computation require only a one-loop defi-
nition. We define the Higgs, top and bottom masses as pole quantities. The bottom mass
is set different from zero only in the one-loop contribution and in the O(ααs) corrections.
All other quarks are taken massless. The leptons are also taken massless except for the
evaluation of αˆ where the experimental values in the Particle Data Group [44] have been
used.
We conclude this section outlining some technical details concerning our computation.
All the diagrams entering the calculation of αˆ(mZ), ∆rˆW , ρˆ were generated using the Math-
ematica package Feynarts [45]. The reduction of the two-loop diagrams to scalar integrals
was done using the code Tarcer [46] which uses the algorithm by Tarasov [47] and is now
part of the Feyncalc [48] package. In order to extract the vertex and box contributions
in ∆rˆW from the relevant diagrams, we used the projector presented in ref. [28, 29]. Af-
ter the reduction to scalar integrals we were left with the evaluation of two-loop vacuum
integrals and two-loop self-energy diagrams at external momenta different from zero. The
former integrals were evaluated analytically using the results of ref. [49]. The latter ones
were instead reduced to the set of loop-integral basis functions introduced in ref. [50]. The
evaluation of the basis functions was done numerically using the code TSIL [51] that, ac-
cording to the authors, reaches a relative accuracy better than 10−10 in the evaluation of
integrals without large hierarchies in the masses.
All our results were obtained in the Rξ gauge with ξ = 1 and cross-checked in the
ξ = 1 background field method (BFM) gauge. The two-point function of a particle, i.e.
the sum of the self-energy and of the tadpole diagrams, when evaluated on-shell represent
a physical amplitude and must be gauge-invariant. Enforcing the cancellation of the tad-
poles, we verified that the sum of the one-particle-irreducible and counterterms diagrams
in ReA
(2)
WW (m
2
W ) and ReA
(2)
ZZ(m
2
Z) gives the same result in the two gauges.
3 Two-loop determination of αˆ(mZ), ∆rˆW , ρˆ
In this section we present the two-loop contributions to the three radiative parameters of
the MS scheme. To properly identify the two-loop contribution to these parameters the
exact specification of the corresponding one-loop result is needed. In the appendix we
report the one-loop expressions for αˆ(mZ), ∆rˆW , ρˆ that we employed in our computation.
3.1 αˆ(mZ)
The evaluation of the electromagnetic coupling in the MS scheme at the two-loop level
was discussed in ref. [39]. Here we just recall the main features of that analysis and update
the QCD corrections.
The analysis starts from the observation that in the Feynman BFM gauge the renor-
malization of the electric charge is given only by self-energy diagrams making manifest the
possibility of a Dyson summation. From the relation between the bare and the renormalized
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mZ = 91.1876± 0.0021 GeV
mH = 125.15± 0.24 GeV
Mt = 173.34± 0.76exp ± 0.3th GeV
me = 0.510998928± 0.000000011 MeV
mµ = 105.6583715± 0.0000035 MeV
mτ = 1776.82± 0.16 MeV
mb = 4.8± 0.3 GeV
Gµ = 1.1663781± 0.0000006× 10−5 GeV−2
αs(mZ) = 0.1184± 0.0007
∆α
(5)
had(m
2
Z) = 0.02750± 0.00033
Table 1. Experimental input values used in our analysis
electric charge defined at zero momentum transfer
e2 =
e20
1− e20 Πγγ(0)
, (3.1)
where Πγγ is related to the transverse part of the photon self-energy Aγγ(q
2) by
Aγγ(q
2) = q2 e20 Πγγ(q
2) (3.2)
it is easy to derive the relation between α = (137.035999074)−1 and the electromagnetic
coupling in the MS scheme at the scale µ
αˆ(µ) =
α
1−∆αˆ(µ) (3.3)
with
∆αˆ(µ) = −4pi αΠγγ(0)|MS (3.4)
where MS is denoting the MS renormalization. As we are interested in the evaluation
of αˆ(µ) in the SM at a scale below µ = Mt we do not apply the decoupling of the top
contribution from Πγγ(0).
The vacuum polarization function in eq. (3.4) can be organized into the sum of a
bosonic and a fermionic contribution, the latter defined as arising from diagrams where
both the external photons couple to fermions,
Πγγ(0) = Π
(f)
γγ (0) + Π
(b)
γγ (0) . (3.5)
The fermionic contribution can be further split into a leptonic part, Π
(l)
γγ , a perturbative
quark contribution, Π
(p)
γγ , and a non-perturbative one, Π
(5)
γγ (0). The latter, associated to
diagrams in which a light quark couples to the external photons with no heavy masses circu-
lating in the loops, can be related to the hadronic contribution to the vacuum polarization
∆α
(5)
had(m
2
Z) ≡ 4piα
(
Re Π
(5)
γγ (m2Z)−Π(5)γγ (0)
)
so that
Π
(f)
γγ (0) = Π
(l)
γγ(0) + Π
(p)
γγ (0) + Π
(5)
γγ (0)
= Π
(l)
γγ(0) + Π
(p)
γγ (0) +
(
Π
(5)
γγ (0)− Re Π(5)γγ (m2Z)
)
+ Re Π
(5)
γγ (m
2
Z) . (3.6)
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The hadronic contribution can be obtained from the experimental data on the cross section
in e+e− → hadrons by using a dispersion relation. Two recent evaluations of ∆α(5)had(m2Z)
report very consistent results: ∆α
(5)
had(m
2
Z) = (275.7 ± 1.0) × 10−4 [52], ∆α(5)had(m2Z) =
(275.0 ± 3.3) × 10−4 [53]. We use the latter as reference value in our calculation. The
Π
(p)
γγ term in eq. (3.6) includes the top contribution to the vacuum polarization plus the
two-loop diagrams in which a light quark couples internally to the W and Z bosons. This
contribution, as well as Re Π
(5)
γγ (m2Z), can be safely analyzed perturbatively.
The one-loop contribution to ∆αˆp(mZ) ≡ ∆αˆ(mZ)−∆α(5)had(m2Z) is reported in eq. (A.3)
of the appendix. The higher order contributions to ∆αˆp(mZ) are presented here as a sim-
ple formula that parametrizes the full result in terms of the top and the Higgs masses, the
strong coupling, and sˆ2:
∆αˆp, h.o.(mZ) = 10
−4 (b0 + b1ds+ b2dT + b3dH + b4das) (3.7)
where
ds =
(
sˆ2
0.231
− 1
)
, dT = ln
(
Mt
173.34 GeV
)
,
dH = ln
( mH
125.15 GeV
)
, das =
(
αs(mZ)
0.1184
− 1
)
(3.8)
with
b0 = 1.751181 b1 = −0.523813, b2 = −0.662710, b3 = −0.000962, b4 = 0.252884 .
(3.9)
Eq. (3.7) includes the O(α) contribution2 to Π(b)γγ (0) + Π(l)γγ(0) + Π(p)γγ (0) plus the O(αs)
corrections to Π
(p)
γγ (0) and the O(αs, α2s) corrections to Re Π(5)γγ (m2Z) [54]. It approximates
the exact result to better than 0.045% for sˆ2 in the interval (0.23− 0.232) when the other
parameters in eq. (3.7) are varied simultaneously within a 3σ interval around their central
values, given in table 1.
3.2 ∆rˆW
The radiative parameter ∆rˆW enters the relation between the Fermi constant and the
W mass. We recall that the Fermi constant is defined in terms of the muon lifetime τµ as
computed in an effective 4-fermion V −A Fermi theory supplemented by QED interactions:
1
τµ
=
G2µm
5
µ
192pi3
F
(
m2e
m2µ
)
(1 + ∆q)
(
1 +
3m2µ
5m2W
)
, (3.10)
where F (ρ) = 1 − 8ρ + 8ρ3 − ρ4 − 12ρ2 ln ρ = 0.9981295 (for ρ = m2e/m2µ) is the phase
space factor and ∆q = ∆q(1) + ∆q(2) = (−4.234 + 0.036) × 10−3 are the QED corrections
computed at one [55] and two loops [56]. The calculation of ∆rˆW requires the subtraction
of the QED corrections, matching the result in the SM with that in the Fermi theory
2We alert the reader that our Πγγ is defined with the e
2
0 coupling extracted, see eqs. (3.1), (3.2); therefore
the O(α) contribution is actually due to two-loop diagrams.
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which is renormalizable to all orders in the electromagnetic interaction but to lowest order
in Gµ. As discussed in detail in ref. [30], the contribution of the Fermi effective theory
vanishes in the limit of vanishing fermion masses and external momenta. Therefore the
matching is automatically obtained just computing the SM contribution in this limit. We
explicitly verified that the contribution of the Fermi effective theory vanishes when the
fermion masses and external momenta are set equal to zero.
The muon-decay amplitude at the two-loop level can be written as
Gµ√
2
=
g20
8m2W0
{
1− AWW
m2W0
+ VW +m
2
W0
BW +
(
AWW
m2W
)2
− AWWVW
m2W
}
(3.11)
where g0 is the unrenormalized SU(2) coupling, mW0 is the unrenormalized W mass,
AWW ≡ AWW (0), and VW and BW are the relevant vertex and box contributions to µ-
decay. Performing the shift m2W0 → m2W − δm2W , and working at the two-loop order we
arrive at
Gµ√
2
=
g20
8m2W
[
1 +
δ(1)m2W
m2W
− A
(1)
WW
m2W
+ E(1) +
δ(2)m2W
m2W
− A
(2)
WW
m2W
+ E(2)
+A
(1)
WWB
(1)
W +
(
δ(1)m2W
m2W
− A
(1)
WW
m2W
)(
δ(1)m2W
m2W
− A
(1)
WW
m2W
+ E(1)
)]
(3.12)
where the superscript indicated the loop order and E(i) ≡ V (i)W +m2W0B
(i)
W . Performing an
MS renormalization of the SU(2) and U(1) couplings we write
Gµ√
2
=
piαˆ(mZ)
2m2W sˆ
2 [1 + ∆rˆW ] (3.13)
with
∆rˆW = ∆rˆ
(1)
W + ∆rˆ
(2)
W , (3.14)
∆rˆ
(1)
W =
ReA
(1)
WW (m
2
W )
m2W
− A
(1)
WW
m2W
+ E(1)
∣∣∣∣∣
MS
, (3.15)
∆rˆ
(2)
W =
ReA
(2)
WW (m
2
W )
m2W
− A
(2)
WW
m2W
+ E(2) + δ∆rˆ
(1)
W +A
(1)
WWB
(1)
W
+
(
ReA
(1)
WW (m
2
W )
m2W
− A
(1)
WW
m2W
)(
ReA
(1)
WW (m
2
W )
m2W
− A
(1)
WW
m2W
+ E(1)
)∣∣∣∣∣
MS
. (3.16)
where MS in this case denotes both the MS renormalization and the choice µ = mZ for
the ’t Hooft mass scale; δ∆rˆ
(1)
W is the finite contribution proportional to the coefficient of
the O() part of the one-loop contribution ( = (4− d)/2 where d is the dimension of the
space-time) induced by the renormalization of g20 in eq. (3.12).
We note that the definition of ∆rˆW in eq. (3.13) differs from the original proposal in
ref. [37],
Gµ√
2
=
piα
2m2W sˆ
2
1
1−∆rˆW . (3.17)
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In eq. (3.17) the relation between Gµ and mW is expressed in terms of α and the mass
singularity corrections are directly included in ∆rˆW and their resummation is achieved via
the replacement
1 + ∆rˆW → 1
1−∆rˆW . (3.18)
This is clearly different from eq. (3.13) where they are absorbed in αˆ(mZ). The replace-
ment (3.18) used in eq. (3.17) introduces spurious two-loop and higher-order contributions,
numerically quite small. The use of eq. (3.13) allows us instead to control directly the re-
summation of the various contributions.
An explicit expression for ∆rˆ
(1)
W is reported in eq. (A.3) of the appendix where the
distinction between cˆ2 and c2 is kept. The higher order contributions to ∆rˆW are presented
again in a simple formula that approximates the exact result to better than 0.035% for sˆ2
on the interval (0.23− 0.232) when the other parameters are varied simultaneously within
a 3σ interval around their central values. We find
∆rˆW
h.o.(mZ) = 10
−4 (r0 + r1ds+ r2 dT + r3 dH + r4 das) (3.19)
with
r0 = −2.8472779, r1 = 1.620742, r2 = 1.773226, r3 = −0.364310, r4 = 1.137797 .
(3.20)
Eq. (3.19) includes, besides the ∆rˆ
(2)
W contribution from eq. (3.16), the complete O(ααs)
corrections and the first two subleading terms in the heavy top expansion of the three-loop
O(αα2s) corrections.
3.3 ρˆ
The relation between the weak mixing angle in the MS formulation and its OS counterpart
is encoded in the parameter ρˆ defined as
ρˆ =
c2
cˆ2
=
m2W
m2Z cˆ
2 (3.21)
whose tree-level value is equal to 1. From the relation
mW0
mZ0
≡ c20 = c2 − c2
δm2W
m2W
+ c20
δm2Z
m2Z
= cˆ2 − δcˆ2 (3.22)
with δmZ given by eq. (2.2) and δcˆ
2 the counterterms for cˆ2, it is easy to derive
ρˆ =
1
(1− YMS)
. (3.23)
with
Y =
δm2W
m2W
− c20
δm2Z
m2W
. (3.24)
In eq. (3.23) MS denotes both the MS renormalization and the choice µ = mZ for the ’t
Hooft mass scale. Indeed the structure of the 1/ poles in δcˆ2 is identical to that of the
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combination of the W and Z mass counterterms in eq. (3.22) once the 1/ poles in δ(1)m2W
and δ(1)m2Z are expressed in terms of MS quantities.
The two-loop counterterm δ(2)m2Z includes also the contribution from the mixed γ Z
self-energy or
δ(2)m2Z = Re
A(1)ZZ(m2Z) +A(2)ZZ(m2Z) +
(
A
(1)
γZ (m
2
Z)
m2Z
)2 (3.25)
so that YMS up to the two-loop level reads
YMS = Y
(1)
MS
+ Y
(2)
MS
, (3.26)
Y
(1)
MS
= Re
[
A
(1)
WW (m
2
W )
m2W
− cˆ2A
(1)
ZZ(m
2
Z)
m2W
]
MS
, (3.27)
Y
(2)
MS
= Re
A(2)WW (m2W )
m2W
− A
(2)
ZZ(m
2
Z)
m2Z
+
(
A
(1)
γZ
m2Z
)2
MS
. (3.28)
The one-loop contribution to YMS is reported in eq. (A.4) of the appendix. As before
we give the higher order terms via a simple formula:
Y h.o.
MS
(mZ) = 10
−4 (y0 + y1ds+ y2dt+ y3dH + y4das) (3.29)
where dt = [(Mt/173.34 GeV)
2 − 1] and
y0 = −18.616753 y1 = 15.972019, y2 = −16.216781, y3 = 0.0152367, y4 = −13.633472 .
(3.30)
Eq. (3.29) includes, besides the Y
(2)
MS
contribution from eq. (3.28), the complete O(αˆαs)
corrections, the leading three-loop O(αˆα2sM2t /m2W ) contribution [7, 8] and the subleading
O(αˆ3M6t /m6W ) and O(αˆ2αsM4t /m4W ) [17, 18], and the four-loop O(αˆα3sM2t /m2W ) contribu-
tion [19, 20]. It approximates the exact result to better than 0.075% for sˆ2 on the interval
(0.23− 0.232) when the other parameters in eq. (3.29) are varied simultaneously within a
3σ interval around their central values.
4 Results
In this section we report our results for αˆ, sin2θˆW and mW . All results are presented as
simple parameterizations in terms of the relevant quantities whose stated validity refers
to a simultaneous variation of the various parameters within a 3σ interval around their
central values given in table 1. As a general strategy for the evaluation of the two-loop
contributions, where cˆ2 can be identified with c2, we have replaced in all the two-loop terms
mW with mZ cˆ. This choice gives rise to the weakest µ-dependence in mW .
The two-loop computation of the MS electromagnetic coupling from eq. (3.3) and of
sin2θˆW from eq. (1.4) can be summarized by the following parameterizations
αˆ(µ) = a0 + 10
−3
(
a1dH + a2dT + a3das + a4da
(5)
)
(4.1)
sin2θˆW (µ) = s0 + s1dH + s2dt+ s3dHdt+ s4das + s5da
(5) (4.2)
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µ = mZ µ = Mt
a0 (128.13385)
−1 (127.73289)−1
a1 -0.00005246 -0.00005267
a2 -0.01688835 0.02087428
a3 0.00014109 0.00168550
a4 0.22909789 0.23057967
µ = mZ µ = Mt
s0 0.2314483 0.2346176
s1 0.0005001 0.0005016
s2 -0.0026004 -0.0001361
s3 0.0000279 0.0000514
s4 0.0005015 0.0004686
s5 0.0097431 0.0098710
Table 2. Coefficients for the parameterization of αˆ(µ) (left table, eq. (4.1) in the text) and
sin2θˆW (µ) (right table, eq. (4.2) in the text).
where da(5) = [∆α
(5)
had(m
2
Z)/0.02750−1] and the ai and si coefficients are reported in table 2
for two different values of the scale µ. Eq. (4.1) approximates the exact result to better
than 1.1× 10−7 (1.2× 10−7) for µ = mZ (µ = Mt), while eq. (4.2) approximates the exact
result to better than 5.1× 10−6 (6.2× 10−6) for µ = mZ (µ = Mt).
From our results on αˆ and sˆ2 it is easy to obtain the values of the g and g′ coupling
constants at the weak scale, usually identified with Mt. They can be taken as starting points
in the study of the evolution of the gauge couplings via Renormalization Group Equations
(RGE) in Grand Unified Models and in the analysis of the stability of the Higgs potential
in the SM. Ref. [57] reports the values of the gauge coupling constants at the µ = Mt
scale, g(Mt) = 0.64822 and g
′(Mt) = 0.35760, obtained using a complete calculation of
the two-loop threshold corrections in the SM. Here we find g(Mt) = 0.647550 ± 0.000050
and g′(Mt) = 0.358521 ± 0.000091. The difference between the two results, which should
be a three-loop effect, is more sizable than expected. However, the results of ref. [57]
were obtained using as input parameters Gµ and the experimental values of mZ and mW ,
while our result is obtained with a different set of input parameters, i.e. Gµ, α and mZ .
In our calculation mW is a derived quantity calculable from eq. (1.5). Moreover, as shown
below, our prediction for mW is not in perfect agreement with the present experimental
determination and therefore the gauge couplings extracted using the two different sets
of inputs parameters show some discrepancy. Indeed, using our prediction for mW in the
results of ref. [57] instead of the experimental result, we find that the difference between the
g (g′) computed in the two methods is one order of magnitude smaller than the two-loops
correction and two orders smaller than the one-loop correction to g (g′).
The two-loop determination of the W mass in the MS framework from eq. (1.5) can
be parameterized as follows
mW = w0 + w1dH + w2dH
2 + w3dh+ w4dt+ w5dHdt+ w6das + w7da
(5) (4.3)
with dh = [(mH/125.15 GeV)
2−1]. The wi coefficients are reported in table 3 for µ = mZ .
Two different cases are considered. In the left column the coefficients refer to the standard
case of a simultaneous variation of all parameters within a 3σ interval around their central
values. The right column applies to the case where all parameters but the Higgs mass
are varied within a 3σ interval while the latter is varied between 50 and 450 GeV. In the
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124.42 ≤ mH ≤ 125.87 GeV 50 ≤ mH ≤ 450 GeV
w0 80.35712 80.35714
w1 -0.06017 -0.06094
w2 0.0 -0.00971
w3 0.0 0.00028
w4 0.52749 0.52655
w5 -0.00613 -0.00646
w6 -0.08178 -0.08199
w7 -0.50530 -0.50259
Table 3. Coefficients of the mW parameterization in eq. (4.3). The left column contains the
coefficients that cover a variation of mH around its central value, while the right one applies to the
case 50 ≤ mH ≤ 450 GeV .
Mt
Mz
0 100 200 300 400 500
80.3560
80.3565
80.3570
80.3575
80.3580
80.3585
80.3590
Μ in GeV
M
W
in
G
e
V
Figure 1. Dependence of the mW prediction on the electroweak scale µ in the MS framework.
two cases the formula (4.3) approximates the exact result to better than 0.11 MeV and
0.5 MeV, respectively.
The result for the W mass described by eq. (4.3) is obtained fixing µ = mZ . As a
physical quantity, the W mass must be µ-independent. Hence the numerical difference
between results obtained varying µ in a “reasonable” interval can be taken as an indication
of the size of the missing higher-order corrections. In figure 1 we plot mW vs. µ, with
the ’t-Hooft mass varying between 50 GeV and 500 GeV. The figure is obtained using as
input parameters the central values in table 1. The figure shows a maximum variation of
∼ 3 MeV in the entire range while in the restricted range 100 ≤ µ ≤ 200 GeV we find a
maximum variation of ∼ 1 MeV.
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5 Discussion and conclusions
In this paper we have discussed the mW − mZ interdependence in the SM, in the MS
framework of the radiative corrections. We have evaluated the parameters αˆ,∆rˆW and
ρˆ at the full two-loop level augmented by all the presently known three-loop strong, EW
and mixed contributions and by the four-loop strong corrections. We have presented our
results via simple formulas that parameterizes the results in terms of mH , Mt, αs and the
5-flavor hadronic contribution to the vacuum polarization.
Our calculation of the W mass in the MS framework automatically incorporates the
Dyson resummation of the lowest order large contributions, i.e. the mass singularity loga-
rithms and the effects that scale as powers of the top mass. This partial inclusion of terms
that are beyond the presently computed effects in the loop expansion is a solid ground to
estimate in a realistic way the size of the missing higher-order contributions in the mW
computation. The very weak residual µ-dependence shown in figure 1 indicates that the
uncertainty that can be assigned to our MS result due to the truncation of the perturbative
series is expected to be at most ∼ 3 MeV.
For what concerns the parametric uncertainties, after the discovery of the Higgs boson
and the precise measurement of its mass, the most important experimental errors that
affects the theoretical determination of mW are the ones on Mt and ∆α
(5)
had(m
2
Z). The
left column of table 3 shows that the sensitivity of mW to Mt is more than twice that
to ∆α
(5)
had(m
2
Z). In our calculation the top mass is an on-shell quantity, i.e. a pole mass,
and in table 1 we have identified it with the average of the Tevatron, CMS and ATLAS
measurements. However, at the present level of precision of the experimental determi-
nation (±0.76 GeV) this identification can be disputed in two aspects. i) The top pole
mass has an intrinsic non-perturbative ambiguity of O(ΛQCD) due to infrared renormalon
effects. ii) The top mass parameter extracted by the experiments, which we call MMCt ,
is obtained from the comparison between the kinematical reconstruction of the top quark
decay products and the Monte Carlo simulations of the corresponding event. Therefore
MMCt is a parameter sensitive to the on-shell region of the top quark but it cannot be
directly identified with Mt. The offset between Mt and M
MC
t is difficult to quantify, and
has recently been estimated of O(0.3−0.5) GeV [58, 59]. In our numerics we have assigned
a 1 GeV uncertainty to Mt.
The mW result obtained using the central values in table 1, mW = 80.357 GeV, agrees
within one and a half standard deviations with the present experimental world average,
mW = (80.385± 0.015) GeV. However, increasing the top mass and decreasing ∆α(5)had(m2Z)
by 1σ, i.e. using Mt = 174.34 GeV and ∆α
(5)
had(m
2
Z) = 0.02717, we find mW = 80.370 GeV
which is much closer to the experimental world average. It is interesting to note that the
precise determination of the top mass plays a very important role also in the analysis of
the stability of the SM Higgs potential up to the Planck scale. In order to get a closer
agreement between the computed mW and the experimental result we saw that large values
of Mt are favored, while vacuum stability in the SM requires quite low values for the top
mass, Mt < 171.36± 0.46 GeV [57, 60]. Using Mt = 171.36 GeV and for the other inputs
the central values in table 1 we find mW = 80.345 GeV, which differs from the experimental
world average by more than two standard deviations.
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Our MS result for mW can be compared with the prediction of mW in the OS scheme of
ref. [31] to study the scheme dependence of the mW predictions. Both calculations include
the complete two-loop electroweak contributions, higher-order QCD corrections of O(ααs)
and O(αα2s), the higher-order mixed EW-QCD corrections O(α2αsM4t ), and purely EW
O(α3M6t ) corrections. In our result also the four-loop contribution O(αα3sM2t ) is included,
but we do not take it into account in the comparison with ref. [31]. The MS and OS
calculations differ however in several aspects. While in the MS framework we exploit the
possibility of resumming lowest-order contributions, no resummation is attempted in the OS
calculation. Furthermore, our computation refers directly to mW , while in the calculation
of ref. [31] the quantity predicted is MW (see section 2), which is then translated to mW
with the introduction of a correction factor containing the W boson width. Because the
latter is not very well known (the experimental uncertainty is presently around 2%), the
theoretical result for ΓW is employed, thus introducing an additional uncertainty in the
OS result estimated to be 1-2 MeV [25, 26].
Since the mW determinations in the MS and OS scheme are equivalent at the two-
loop level but differ by the partial inclusion of higher-order contributions, their numerical
difference can be taken as a good estimate of missing higher-order effects. Taking as inputs
in our calculation those used in [31], i.e. mH = 100 GeV, Mt = 174.3 GeV ∆α
(5)
had(m
2
Z) =
0.027572 and αs = 0.119, we find mW = 80.3749 GeV, which should be compared with the
value mW = 80.3800 reported in ref. [31]. If instead we take the central values in table 1 as
inputs in eq. (9) of ref. [31], we find an OS result mW = 80.3639 GeV to be compared with
an MS result mW = 80.3578 GeV. These numbers indicates that the MS determination is
always lower than the OS one, and shows a larger difference with the present experimental
world average. Furthermore, the estimate δmthW ≈ 4 MeV of the theoretical uncertainty
from unknown higher-order corrections reported in ref. [31] seems to be slightly optimistic.
A more realistic value is probably δmthW ≈ 6 MeV.
Another indication that δmthW ≈ 4 MeV is probably an underestimate comes from our
MS calculation. In our hybrid scheme the masses that appear in the one-loop contributions
are identified with pole masses, and the gauge couplings with MS quantities. In this
framework once the one-loop contributions are written as we did in the appendix, the
expressions of the two-loop corrections follow. However, their evaluation has some residual
ambiguity, because one can always re-express the W mass as mZ and cˆ, or vice versa. As we
said, our choice to express mW in terms of mZ in the two-loop contributions is the one that
minimizes the µ-dependence, but other choices are allowed. Trying several possibilities, we
found a variation of δmW ≈ 4 MeV in our MS result; mW can be almost 3 MeV below our
default choice, further amplifying the difference between the MS and OS schemes.
We have seen that in our MS calculation δmthW ≈ 3 MeV, while the scheme dependence
observed in the comparison with the OS scheme is around 6 MeV. However, in our MS
computation we exploit at best all the present available information through the automatic
resummation of the known contributions. Moreover, we expect to have better control over
the unknown higher-order contributions than in the OS scheme because in MS the effects
related to δρ are not enhanced by the numerical factor c2/s2. Finally, we predict directly
mW and not MW in order to avoid correction factors that introduce additional uncertainties.
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It is therefore natural that the theoretical uncertainty estimated in the MS calculation is
smaller than the scheme dependence in the comparison between the OS and MS results.
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A Appendix
Here we give the explicit formulae for ∆αˆ, ∆rˆW and YMS at the one loop order. In the
formulae below Nc = 3 is the number of colors and
ζW =
m2H
m2W
, ζZ =
m2H
m2Z
, bW =
m2b
m2W
, bZ =
m2b
m2Z
, tW =
M2t
m2W
, tZ =
M2t
m2Z
. (A.1)
∆αˆp,(1) = − α
4pi
{
2
3
+
4
3
(
ln(m2e) + ln(m
2
µ) + ln(m
2
τ )
)− 7ln(m2W ) + 1627Ncln(M2t ) (A.2)
+ Nc
(
−196
81
− 4
27
(1 + 2bZ)B0(m
2
Z ,m
2
b ,m
2
b)−
8
27
bZ ln(m
2
b) +
40
27
ln(m2Z)
)}
∆rˆ
(1)
W =
αˆ
4pisˆ2
{
1 + 8cˆ2
12c4
− 7 + 80cˆ
2
24c2
+
1
cˆ2
− 8cˆ2 + 1
72
(
794− 21ζW + 6ζ2W
)
+
(
cˆ2 + 8cˆ4 + 64c2cˆ4 − 6c4(8cˆ4 − 5)
12c2cˆ2s2
+
26c2−ζ2W−18(5 + ζZ)+ζW (82 + ζZ)
12s2(1− ζW )
)
ln(m2W )
+
(
36c6 + 24c4 + 4c2 − 1
12c4s2
− 3c
2 + 2
2cˆ2s2
− cˆ
2(15c4 − 11c2 + 2)
3c4s2
)
ln(m2Z)
+
ζW (12− 4ζW + ζ2W )
12(1− ζW ) ln(m
2
H)−
12− 4ζW + ζ2W
12
B0(m
2
W ,m
2
H ,m
2
W )
+
(
11cˆ2 + 1
3c2
+ 4cˆ2 − 8cˆ
2 + 1
12c4
− 1
cˆ2
+ 2
)
B0(m
2
W ,m
2
Z ,m
2
W )
+Nc
[
1
12
(
4bW tW − 2b2W − 3bW − 2t2W − 3tW − 12
)
+
2
3
ln(m2W )
+
bW
(
(bW − tW )2 + bW + 2tW
)
6(bW − tW ) ln(m
2
b) +
tW
(
(tW − bW )2 + tW + 2bW
)
6(tW − bW ) ln(M
2
t )
+
1
6
(
(tW − bW )2 + tW + bW − 2
)
B0(m
2
W ,M
2
t ,m
2
b)
]}
(A.3)
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Y
(1)
MS
=
αˆ
4pisˆ2
{
1 + 8cˆ2
12c4
+
175− 416cˆ2 + 240cˆ4
36c2
+
262− 288cˆ2 + 3ζ2W − 3ζW ζZ
36
+
(
1 + 8cˆ2
12c2
+
ζW − 30 + 64cˆ2 − 48cˆ4
12
)
ln(m2W )
−
(
1 + 8cˆ2
12c4
+
ζZ + 34− 96cˆ2 + 48cˆ4
12c2
)
ln(m2Z)−
1
12
ζ2Ws
2ln(m2H)
+
(
11cˆ2 + 1
3c2
+ 4cˆ2 − 8cˆ
2 + 1
12c4
− 1
cˆ2
+ 2
)
B0(m
2
W ,m
2
Z ,m
2
W )
+
(
1− 4cˆ2 − 36cˆ4
12c2
+
5− 8cˆ2 − 12cˆ4
3
)
B0(m
2
Z ,m
2
W ,m
2
W )
−
(
(ζW − 4)ζW
12
+ 1
)
B0(m
2
W ,m
2
H ,m
2
W ) +
(
(ζZ − 4)ζW
12
+
1
cˆ2
)
B0(m
2
Z ,m
2
H ,m
2
Z)
+Nc
[
11− 22cˆ2 + 20cˆ4
9c2
− (tW − bW )
2
6
− 1 + 2
3
ln(m2W )−
40cˆ4 − 44cˆ2 + 22
27c2
ln(m2Z)
+
9(bW − tW )− 8− 8cˆ2 + 16cˆ4
54
bW ln(m
2
b)
+
9(tW − bW ) + 16− 80cˆ2 + 64cˆ4
54
tW ln(M
2
t )
+
5− 4cˆ2 + 8cˆ4 + (16cˆ4 − 8cˆ2 − 17) bZ
54c2
B0(m
2
Z ,m
2
b ,m
2
b)
+
17− 40cˆ2 + 32cˆ4 + (64cˆ4 − 80cˆ2 + 7) tZ
54c2
B0(m
2
Z ,M
2
t ,M
2
t )
+
(tW − bW )2 + bW + tW − 2
6
B0(m
2
W ,M
2
t ,m
2
b)
]}
(A.4)
where B0 is the finite part of the Passarino-Veltman function defined as
B0(s, x, y) = −
∫ 1
0
dtln[tx+ (1− t)y − t(1− t)s] (A.5)
where ln(x) = log
(
x
µ
)
with µ the ’t Hooft mass.
Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
References
[1] ATLAS collaboration, Observation of a new particle in the search for the Standard Model
Higgs boson with the ATLAS detector at the LHC, Phys. Lett. B 716 (2012) 1
[arXiv:1207.7214] [INSPIRE].
[2] CMS collaboration, Observation of a new boson at a mass of 125 GeV with the CMS
experiment at the LHC, Phys. Lett. B 716 (2012) 30 [arXiv:1207.7235] [INSPIRE].
– 17 –
J
H
E
P
0
5
(
2
0
1
5
)
1
5
4
[3] A. Sirlin and W.J. Marciano, Radiative Corrections to νµ +N → µ− +X and their Effect on
the Determination of ρ2 and sin2θW , Nucl. Phys. B 189 (1981) 442 [INSPIRE].
[4] A. Sirlin, Radiative Corrections in the SU(2)L × U(1) Theory: A Simple Renormalization
Framework, Phys. Rev. D 22 (1980) 971 [INSPIRE].
[5] A. Sirlin, On the O(α2) Corrections to τµ,mW ,mZ in the SU(2)L ×U(1) Theory, Phys. Rev.
D 29 (1984) 89 [INSPIRE].
[6] A. Djouadi and C. Verzegnassi, Virtual Very Heavy Top Effects in LEP / SLC Precision
Measurements, Phys. Lett. B 195 (1987) 265 [INSPIRE].
[7] L. Avdeev, J. Fleischer, S. Mikhailov and O. Tarasov, O(αα2s) correction to the electroweak ρ
parameter, Phys. Lett. B 336 (1994) 560 [hep-ph/9406363] [INSPIRE].
[8] K.G. Chetyrkin, J.H. Kuhn and M. Steinhauser, Corrections of order O(GFM2t α2s) to the ρ
parameter, Phys. Lett. B 351 (1995) 331 [hep-ph/9502291] [INSPIRE].
[9] K.G. Chetyrkin, J.H. Kuhn and M. Steinhauser, QCD corrections from top quark to relations
between electroweak parameters to order α2S , Phys. Rev. Lett. 75 (1995) 3394
[hep-ph/9504413] [INSPIRE].
[10] J.J. van der Bij and F. Hoogeveen, Two Loop Correction to Weak Interaction Parameters
Due to a Heavy Fermion Doublet, Nucl. Phys. B 283 (1987) 477 [INSPIRE].
[11] R. Barbieri, M. Beccaria, P. Ciafaloni, G. Curci and A. Vicere, Radiative correction effects of
a very heavy top, Phys. Lett. B 288 (1992) 95 [hep-ph/9205238] [INSPIRE].
[12] R. Barbieri, M. Beccaria, P. Ciafaloni, G. Curci and A. Vicere, Two loop heavy top effects in
the Standard Model, Nucl. Phys. B 409 (1993) 105 [INSPIRE].
[13] J. Fleischer, O.V. Tarasov and F. Jegerlehner, Two loop heavy top corrections to the ρ
parameter: A Simple formula valid for arbitrary Higgs mass, Phys. Lett. B 319 (1993) 249
[INSPIRE].
[14] M. Consoli, W. Hollik and F. Jegerlehner, The Effect of the Top Quark on the MW −MZ
Interdependence and Possible Decoupling of Heavy Fermions from Low-Energy Physics, Phys.
Lett. B 227 (1989) 167 [INSPIRE].
[15] G. Degrassi, P. Gambino and A. Vicini, Two loop heavy top effects on the mZ −mW
interdependence, Phys. Lett. B 383 (1996) 219 [hep-ph/9603374] [INSPIRE].
[16] G. Degrassi, P. Gambino and A. Sirlin, Precise calculation of MW , sin
2θW (MZ) and
sin2θlepteff , Phys. Lett. B 394 (1997) 188 [hep-ph/9611363] [INSPIRE].
[17] M. Faisst, J.H. Kuhn, T. Seidensticker and O. Veretin, Three loop top quark contributions to
the ρ parameter, Nucl. Phys. B 665 (2003) 649 [hep-ph/0302275] [INSPIRE].
[18] J.J. van der Bij, K.G. Chetyrkin, M. Faisst, G. Jikia and T. Seidensticker, Three loop leading
top mass contributions to the ρ parameter, Phys. Lett. B 498 (2001) 156 [hep-ph/0011373]
[INSPIRE].
[19] K.G. Chetyrkin, M. Faisst, J.H. Kuhn, P. Maierhofer and C. Sturm, Four-Loop QCD
Corrections to the ρ Parameter, Phys. Rev. Lett. 97 (2006) 102003 [hep-ph/0605201]
[INSPIRE].
[20] R. Boughezal and M. Czakon, Single scale tadpoles and O(GFm
2
tα
3
s) corrections to the ρ
parameter, Nucl. Phys. B 755 (2006) 221 [hep-ph/0606232] [INSPIRE].
[21] A. Djouadi, O(ααs) Vacuum Polarization Functions of the Standard Model Gauge Bosons,
Nuovo Cim. A 100 (1988) 357 [INSPIRE].
– 18 –
J
H
E
P
0
5
(
2
0
1
5
)
1
5
4
[22] B.A. Kniehl, Two Loop Corrections to the Vacuum Polarizations in Perturbative QCD, Nucl.
Phys. B 347 (1990) 86 [INSPIRE].
[23] A. Djouadi and P. Gambino, Electroweak gauge bosons selfenergies: Complete QCD
corrections, Phys. Rev. D 49 (1994) 3499 [hep-ph/9309298] [INSPIRE].
[24] F. Halzen and B.A. Kniehl, ∆r beyond one loop, Nucl. Phys. B 353 (1991) 567 [INSPIRE].
[25] A. Freitas, W. Hollik, W. Walter and G. Weiglein, Complete fermionic two loop results for
the MW −MZ interdependence, Phys. Lett. B 495 (2000) 338 [hep-ph/0007091] [INSPIRE].
[26] A. Freitas, W. Hollik, W. Walter and G. Weiglein, Electroweak two loop corrections to the
MW −MZ mass correlation in the standard model, Nucl. Phys. B 632 (2002) 189
[hep-ph/0202131] [INSPIRE].
[27] M. Awramik and M. Czakon, Complete two loop electroweak contributions to the muon
lifetime in the standard model, Phys. Lett. B 568 (2003) 48 [hep-ph/0305248] [INSPIRE].
[28] M. Awramik and M. Czakon, Complete two loop bosonic contributions to the muon lifetime
in the standard model, Phys. Rev. Lett. 89 (2002) 241801 [hep-ph/0208113] [INSPIRE].
[29] A. Onishchenko and O. Veretin, Two loop bosonic electroweak corrections to the muon
lifetime and MZ −MW interdependence, Phys. Lett. B 551 (2003) 111 [hep-ph/0209010]
[INSPIRE].
[30] M. Awramik, M. Czakon, A. Onishchenko and O. Veretin, Bosonic corrections to ∆r at the
two loop level, Phys. Rev. D 68 (2003) 053004 [hep-ph/0209084] [INSPIRE].
[31] M. Awramik, M. Czakon, A. Freitas and G. Weiglein, Precise prediction for the W boson
mass in the standard model, Phys. Rev. D 69 (2004) 053006 [hep-ph/0311148] [INSPIRE].
[32] D.Y. Bardin, P. Christova, M. Jack, L. Kalinovskaya, A. Olchevski et al., ZFITTER v.6.21:
A Semianalytical program for fermion pair production in e+e− annihilation, Comput. Phys.
Commun. 133 (2001) 229 [hep-ph/9908433] [INSPIRE].
[33] H. Flacher, M. Goebel, J. Haller, A. Hocker, K. Monig et al., Revisiting the Global
Electroweak Fit of the Standard Model and Beyond with Gfitter, Eur. Phys. J. C 60 (2009)
543 [arXiv:0811.0009] [INSPIRE].
[34] M. Baak, M. Goebel, J. Haller, A. Hoecker, D. Kennedy et al., The Electroweak Fit of the
Standard Model after the Discovery of a New Boson at the LHC, Eur. Phys. J. C 72 (2012)
2205 [arXiv:1209.2716] [INSPIRE].
[35] M. Ciuchini, E. Franco, S. Mishima and L. Silvestrini, Electroweak Precision Observables,
New Physics and the Nature of a 126 GeV Higgs Boson, JHEP 08 (2013) 106
[arXiv:1306.4644] [INSPIRE].
[36] A. Sirlin, Role of sin2 θW (mZ) at the Z
0 Peak, Phys. Lett. B 232 (1989) 123 [INSPIRE].
[37] S. Fanchiotti and A. Sirlin, Accurate Determination of sin2 θW (Mz), Phys. Rev. D 41 (1990)
319 [INSPIRE].
[38] G. Degrassi, S. Fanchiotti and A. Sirlin, Relations Between the On-shell and MS
Frameworks and the MW −MZ Interdependence, Nucl. Phys. B 351 (1991) 49 [INSPIRE].
[39] G. Degrassi and A. Vicini, Two loop renormalization of the electric charge in the standard
model, Phys. Rev. D 69 (2004) 073007 [hep-ph/0307122] [INSPIRE].
[40] A. Sirlin, Theoretical considerations concerning the Z0 mass, Phys. Rev. Lett. 67 (1991) 2127
[INSPIRE].
– 19 –
J
H
E
P
0
5
(
2
0
1
5
)
1
5
4
[41] S. Willenbrock and G. Valencia, On the definition of the Z boson mass, Phys. Lett. B 259
(1991) 373 [INSPIRE].
[42] M. Passera and A. Sirlin, Analysis of the Z0 resonant amplitude in the general Rξ gauges,
Phys. Rev. Lett. 77 (1996) 4146 [hep-ph/9607253] [INSPIRE].
[43] D.Y. Bardin, A. Leike, T. Riemann and M. Sachwitz, Energy Dependent Width Effects in
e+e− Annihilation Near the Z Boson Pole, Phys. Lett. B 206 (1988) 539 [INSPIRE].
[44] Particle Data Group collaboration, K.A. Olive et al., Review of Particle Physics, Chin.
Phys. C 38 (2014) 090001.
[45] T. Hahn, Generating Feynman diagrams and amplitudes with FeynArts 3, Comput. Phys.
Commun. 140 (2001) 418 [hep-ph/0012260] [INSPIRE].
[46] R. Mertig and R. Scharf, TARCER: A Mathematica program for the reduction of two loop
propagator integrals, Comput. Phys. Commun. 111 (1998) 265 [hep-ph/9801383] [INSPIRE].
[47] O.V. Tarasov, Generalized recurrence relations for two loop propagator integrals with
arbitrary masses, Nucl. Phys. B 502 (1997) 455 [hep-ph/9703319] [INSPIRE].
[48] R. Mertig, M. Bo¨hm and A. Denner, FEYN CALC: Computer algebraic calculation of
Feynman amplitudes, Comput. Phys. Commun. 64 (1991) 345 [INSPIRE].
[49] A.I. Davydychev and J.B. Tausk, Two loop selfenergy diagrams with different masses and the
momentum expansion, Nucl. Phys. B 397 (1993) 123 [INSPIRE].
[50] S.P. Martin, Evaluation of two loop selfenergy basis integrals using differential equations,
Phys. Rev. D 68 (2003) 075002 [hep-ph/0307101] [INSPIRE].
[51] S.P. Martin and D.G. Robertson, TSIL: A Program for the calculation of two-loop self-energy
integrals, Comput. Phys. Commun. 174 (2006) 133 [hep-ph/0501132] [INSPIRE].
[52] M. Davier, A. Hoecker, B. Malaescu and Z. Zhang, Reevaluation of the Hadronic
Contributions to the Muon g-2 and to α(MZ), Eur. Phys. J. C 71 (2011) 1515
[arXiv:1010.4180] [INSPIRE].
[53] H. Burkhardt and B. Pietrzyk, Recent BES measurements and the hadronic contribution to
the QED vacuum polarization, Phys. Rev. D 84 (2011) 037502 [arXiv:1106.2991] [INSPIRE].
[54] K.G. Chetyrkin, J.H. Kuhn and M. Steinhauser, Three loop polarization function and O (α2S)
corrections to the production of heavy quarks, Nucl. Phys. B 482 (1996) 213
[hep-ph/9606230] [INSPIRE].
[55] T. Kinoshita and A. Sirlin, Radiative corrections to Fermi interactions, Phys. Rev. 113
(1959) 1652 [INSPIRE].
[56] T. van Ritbergen and R.G. Stuart, On the precise determination of the Fermi coupling
constant from the muon lifetime, Nucl. Phys. B 564 (2000) 343 [hep-ph/9904240] [INSPIRE].
[57] D. Buttazzo, G. Degrassi, P.P. Giardino, G.F. Giudice, F. Sala et al., Investigating the
near-criticality of the Higgs boson, JHEP 12 (2013) 089 [arXiv:1307.3536] [INSPIRE].
[58] A.H. Hoang and I.W. Stewart, Top Mass Measurements from Jets and the Tevatron
Top-Quark Mass, Nucl. Phys. Proc. Suppl. 185 (2008) 220 [arXiv:0808.0222] [INSPIRE].
[59] S. Moch, S. Weinzierl, S. Alekhin, J. Blumlein, L. de la Cruz et al., High precision
fundamental constants at the TeV scale, arXiv:1405.4781 [INSPIRE].
[60] G. Degrassi, S. Di Vita, J. Elias-Miro, J.R. Espinosa, G.F. Giudice et al., Higgs mass and
vacuum stability in the Standard Model at NNLO, JHEP 08 (2012) 098 [arXiv:1205.6497]
[INSPIRE].
– 20 –
